Let S denote the family of all functions that are analytic and univalent in the unit disk D := {z : |z| < 1} and satisfy f (0) = f ′ (0) − 1 = 0. In the present paper, we consider certain subclasses of univalent functions associated with the exponential function, and obtain the sharp upper bounds on the initial coefficients and the difference of initial successive coefficients for functions belonging to these classes.
Introduction
Let A denote the class of functions f of the form f (z) = z + ∞ n=2 a n z n , For two functions f and g, analytic in D, we say that the function f is subordinate to g in D, and write f (z) ≺ g(z) (z ∈ D), if there exists a Schwarz function ω, which is analytic in D with ω(0) = 0 and |ω(z)| < 1 (z ∈ D) such that f (z) = g ω(z) (z ∈ D). Using the subordination relationship, Ma and Minda [10] introduced the class of Ma-Minda type of starlike functions S * (φ), which is defined by
where φ(z) is analytic and univalent in D and for which φ(D) is convex with φ(z) ∈ P for z ∈ D.
For a constant λ with 0 < λ ≤ π 2 , by setting φ(z) = e λz (z ∈ D), (1.4) we have the class S * λe which is defined by the condition S * λe := z ∈ A and
It can be seen that the condition (1.5) is equivalent to
Also, we denote by K λe the class of functions f ∈ A satisfying the condition
(1.7)
Let z = re iθ , r ∈ [0, 1), θ ∈ [0, 2π], we have ℜ e λz = e λr cos θ cos(λr sin θ). It is clear that cos(λr sin θ) > 0 for λ ∈ (0, π 2 ] and thus ℜ e λz > 0 (z ∈ D). In view of this fact, the class S * λe is a subclass of starlike functions S * and K λe is a subclass of convex functions K.
By choosing λ = 1, we obtain the families S * e and K * e which were introduced and investigated by Mediratta et al. [11] and were later studied by many authors, see [4, 5, 12, 17, 18, 22, 23] and the references cited therein. Clearly, for 0 < ζ ≤ 1 and 1 ≤ η ≤ π 2 , we have S * ζe ⊆ S * e ⊆ S * ηe . In recent years, the difference of the moduli of successive coefficients of a function f ∈ S has attracted many researchers' attention (see [3, 6, 20, 21] ). Because of the triangle inequality ||a n+1 | − |a n || ≤ |a n+1 − a n |, sometimes it maybe useful to study the upper bounds of |a n+1 − a n | for some refined subclasses of starlike and convex functions to obtain the upper bound of ||a n+1 | − |a n ||. In [15] , Robertson proved that |a n+1 − a n | ≤ 2n+1 3 |a 2 − 1| for all f ∈ K. Recently, Li and Sugawa [7] studied the related problem of maximizing the function ||a n+1 | − |a n || with the help of |a n+1 − a n | for convex functions f with f ′′ (0) = p for a prescribed p ∈ [0, 2]. For some subclasses of analytic univalent functions, the sharp upper bounds of |a 3 − a 2 | and |a 4 − a 3 | were obtained by Peng and Obrandović [13] .
Motivated essentially by the above work, in the present paper, we aim at proving some results on the upper bounds of the initial coefficients and the difference of initial successive coefficients for f belonging to the classes S * λe and K λe .
Preliminary results
To derive our main results, we need the following lemmas.
Lemma 1. (See [14] ) Let ω(z) = ∞ n=1 c k z k be a Schwarz function. Then, for any real number µ and ν the following sharp estimate holds
1)
where Φ(µ, ν) is given in complete form in [[14] , Lemma 2] , and here we will only use
2)
where
Lemma 2. (See [8, 9] ) Let −2 ≤ p 1 ≤ 2 and p 2 , p 3 ∈ C. Then there exists a function p ∈ P with p(z) = 1 + p 1 z + p 2 z 2 + p 3 z 3 + · · · (2.3) if and only if 2p 2 = p 2 1 + (4 − p 2 1 )x (2.4) and 4p 3 = p 3 1 + 2(4 − p 2 1 )p 1 x − (4 − p 2 1 )p 1 x 2 + 2(4 − p 2 1 )(1 − |x| 2 )y (2.5) for some x, y ∈ C with |x| ≤ 1 and |y| ≤ 1. If a ≥ 0 and c ≥ 0, then
The maximum in the definition of Y (a, b, c) is attained at z = ±1 in the first case according as b = ± |b|.
is univalent in D and ν(D) is convex, then |µ n | ≤ |ν 1 | (n ≥ 1).
(2.8)
The proof of the following lemma is similar to that of Lemma 2.2 in [19] .
(2.10)
Proof. From (2.9), we have
and
Combining (2.11) and (2.12), we find that
Thus,
In conjunction with (2.9), we complete the proof of Lemma 5.
Main results
We first discuss the absolute values of the second, third and fourth coefficient of functions in the class S * λe .
2)
where r 0 ≈ 0.8602 is the positive root of the equation
All the bounds are sharp.
Proof. Let f ∈ S * λe . Then we can write (1.5) in terms of Schwarz function as
From the series expansion of e λω along with some calculations, we have
Comparing (3.5) with (3.6), we have
Since ω is a Schwarz function, we have |c 1 | ≤ 1. Hence, we obtain that
Using a result of Carleson [1] (see also [2] ), we have |c 2 | ≤ 1 − |c 1 | 2 . By virtue of (3.8), we find that
Then the inequality (3.19) follows from (3.11) with |c 1 | ∈ [0, 1].
To obtain the sharp bound of |a 4 |, we will use Lemma 1 in the following. Let µ = 5 2 λ, ν = 17 12 λ 2 . Suppose that 0 < λ ≤ 1 5 , we see that (µ, ν) ∈ D 1 . From Lemma 1, we have
By means of (3.9), we obtain
is equivalent to 
The numerical computation shows that the only positive root of From the definitions of S * λe and K λe , we know that if f ∈ K λe , then zf ′ ∈ S * λe . We thus get the following result.
n=2 a n z n ∈ K λe , then
19)
20)
where r 0 ≈ 0.8602 is the positive root of the equation (3.4) . All the bounds are sharp.
From Theorem 1, we know that 1 2 |f ′′ (0)| = |a 2 | ≤ λ for f = z + ∞ n=2 a n z n ∈ S * λe . Now, let
wherep is a given real number satisfying −2λ ≤p ≤ 2λ.
In what follows, we will discuss the difference of initial successive coefficients for functions in S * λe (p). Theorem 3. Let 0 ≤p ≤ 2λ and p =p/λ. Suppose that f (z) = z + ∞ n=2 a n z n ∈ S * λe (p). Then the following sharp inequalities
and If ̺ ∈ P, then it can be written in the form of Schwarz function as
From (3.24), we obtain
(3.25)
From the series expansion of ω along with some calculations, we have
(3.26) Comparing (3.5) with (3.26), we get 
and 
where Y (a, b, c) is given in (2.6) and From Theorem 2, we know that for f ∈ K λe ,
wherep is a given real number with −λ ≤p ≤ λ.
In what follows, we will discuss the difference of initial successive coefficients for functions belonging to the class K λe (p).
Theorem 4. Let 0 ≤p ≤ λ and p =p/λ. Suppose that f (z) = z + ∞ n=2 a n z n be in the class K λe (p). Then the following sharp inequalities
49)
and Proof. If f ∈ K * λe (p), then
It is equivalent to
where ω is a Schwarz function with ω(0) = 0 and |ω(z)| < 1. From (1.1), we can write
From (3.52) and (3.26), we have 
and for some x, y ∈ C and |x| ≤ 1, |y| ≤ 1. Thus, we find that 
where Y (a, b, c) is given in (2.6) and
For λ ∈ (0, π 2 ], p ∈ [0, 1), it can be seen that a > 0. Since |a 4 (f ) − a 3 (f )| = 1 6 .
(3.71)
Finally, we will give the upper bounds of |a n | (n ≥ 2) for functions in the class S * λe and K λe . However, they are not always sharp.
Theorem 5. If f (z) = z + ∞ n=2 a n z n ∈ S * λe , then |a n | ≤ 1 (n − 1)! n−2 k=0 (λ + k) (n ≥ 2). Since f ∈ S * λe , we know that ψ(z) ≺ χ(z) = e λz = 1 + λz + λ 2 2! z 2 + · · · .
Since χ(z) is univalent and convex in D for 0 < λ ≤ π 2 , by Lemma 4, we obtain |c n | ≤ λ (n ≥ 1).
In view of zf ′ (z) = ψ(z)f (z), by comparing the coefficients of z n on both sides, it follows that a 2 = c 1 and (n − 1)a n = c n−1 + n−1 k=2 c n−k a k (n ≥ 3).
Thus, we have |a 2 | = |c 1 | ≤ λ, and |a n | ≤ λ n − 1 1 + In order to prove that |a m | ≤ A m (m ≥ 2), (3.75) we use the principle of mathematical induction. It is easy to verify that |a 2 | ≤ A 2 = λ.
(3.76)
Thus, assuming that |a l | ≤ A l (l = 2, 3, . . . , m), According to the relationship between the classes S * λe and K λe , we easily obtain the follow result.
Theorem 6. If f (z) = z + ∞ n=2 a n z n ∈ K λe , then |a n | ≤ 1 n! n−2 k=0 (λ + k) (n ≥ 2).
